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Abstract

The natural frequencies and mode shapes have been investigated for a frictionless spherical liquid globule
where part of the free surface is embedded in a spherical cap of the same radius. Five different liquid
systems have been considered. With increasing cap angle a and higher modes n; the natural frequencies
increase. The different mode shapes exhibit a drastic change of frequencies. In addition, the response of the
captured spherical drop due to harmonically forced translational excitation of the rigid cap has been
determined for the two major directions.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

A space station in orbit offers an environment providing a weightless condition for some unique
experiments and manufacturing processes in material science and technology. The drastic
reduction of gravity makes surface tension the major force influencing the motion of liquids. As
the force of gravity approaches zero the equilibrium position of a liquid globule assumes to be a
perfect sphere. Not only in mechanical sciences and metallurgy, the behavior of a captured or
freely floating liquid system is of interest, it also finds application in chemical engineering, nuclear
fission, as well as in geological and mechanical engineering. The dynamical behavior of such
systems is of importance to solidification processes and especially to these of partially
containerless processings of liquified materials. Partly captured spheres are those of which part
of the free liquid surface is replaced by a solid, in our case here, by a solid spherical cap of the
same radius as the liquid sphere. The liquid sphere is embedded in the cap and exhibits due to the
reduced free surface area increased natural frequencies and drastically changed mode shapes as
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well as different responses to harmonically forced translational excitation of the solid cap in
various directions.

A remarkable series of experiments on these and related problems have been performed by
Plateau [1] in the years from 1843 to 1869. In 1879, Lord Rayleigh [2,3] investigated the vibrations
of a liquid mass of spherical configuration and determined the natural frequencies of modes being
symmetric to an axis of the sphere. Later Lamb [4] gave a slightly generalized result by supposing
that a sphere of liquid with density r2 is surrounded by an infinite liquid mass of density r1: For a
small viscosity of the liquid, Lamb [5] presented its influence upon the frequency of oscillation.
Since 1973, a numerical treatment of the problem [6] has been performed. For a simple spherical
drop, the natural frequencies have been presented in Ref. [7]. A large variety of spherical
configurations has been treated for frictionless liquids by Bauer [8]. The natural frequencies and
stability of some basic spherical liquid systems have also been presented for frictionless and
viscous liquids in Ref. [9], in which also in addition to cases considered in Ref. [10], a few more
cases of immiscible spherical liquid arrangements have been shown. But also for non-linear
motion of capillary surface waves results have been presented in Refs. [11,12]. Some investigations
have also been performed for freely floating liquid spheres consisting of visco-elastic material [13–
15]. No results are known, if the spherical drop is captured, i.e., embedded partly in a rigid
spherical cap.

The following paper investigates the oscillatory behavior of a liquid sphere consisting of
frictionless liquid and being partly embedded in a rigid cap of the same radius as the liquid sphere.
The change of the natural frequencies due to the presence and the magnitudes of a rigid spherical
cap shall be investigated and the change of the mode shapes shall be presented. Five different
liquid systems have been considered. For harmonically forced translational excitation in the two
major directions, i.e., the z and x direction, the response of the captured spherical liquid drop is
determined.

2. Basic equations

A spherical drop of volume V0 ¼ ð4p=3Þa3 or an annular drop of volume V0 ¼ ð4p=3Þa3ð1 � k3Þ
ðk ¼ b=aÞ is in a zero-gravity environment and is partly captured by a spherical wall of the same
radius a; covering a certain given ranges in the meridian co-ordinate W (Fig. 1). If subjected to a
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Fig. 1. Captured spherical drop system: (a) simple liquid sphere; (b) spherical drop captured at both poles; (c) annular

spherical liquid system; (d) immiscible spherical liquid system; (e) immiscible liquids in a rigid sphere.
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disturbance, the captured liquid globule will perform oscillations. The following shall investigate
oscillations of such systems for a frictionless liquid.

If the liquid is incompressible and frictionless, exhibiting the density r performing small
oscillations in irrotational motion, the velocity ~uu ¼ u~eer þ u~eey þ w~eej may be represented as a
gradient of a velocity potential fðr;W;j; tÞ; yielding the Laplace equation

Df ¼
@

@r
r2 @f

@r

� �
þ

1

sin W
@

@W
sin W

@f
@W

� �
þ

1

sin2 W

@2f
@j2

¼ 0; ð1Þ

which has to be satisfied with the appropriate boundary conditions, i.e., a vanishing radial
velocity @f=@r ¼ 0 at the W ranges covered by a spherical wall, and the free surface condition

@2f
@t2

�
s
ra2

2
@f
@r

þ
1

sin W
@

@W
sin W

@2f
@r@W

� �
þ

1

sin2 W

@3f
@j2@r

� �
¼ 0; ð2Þ

at the free surface ranges of the liquid globule.

3. Method of solution

In the following, we shall investigate first the natural frequencies of some captured frictionless
liquid drops. The geometry and co-ordinate system used are presented in Fig. 1. The results are
based on axisymmetric motion of the system ð@=@j � 0; u � 0Þ; and shall yield the approximate
lower natural frequencies for systems of various magnitudes a:

3.1. Free oscillations

The solution of the Laplace equation (1) is given by

fðr; W; tÞ ¼
Xmpn

m¼0

XN
n¼1

eiomnt Amn
r

a

� �n

þBmn
r

a

� ��ðnþ1Þ
� 	

Pm
n ðcos WÞ cos mj; ð3Þ

in which Pm
n ðcos WÞ represent the associate Legendre function, Amn and Bmn are unknown

integration constants, and omn are the yet unknown natural frequencies of the captured spherical
liquid system.

3.1.1. Simple liquid sphere

If the liquid sphere is imbedded in a spherical cap of radius a; covering the ranges 0pWpa (Fig.
1(a)), the above velocity potential exhibits Bmn � 0 and has to satisfy at the rigid cap

@f
@r

¼ 0 at r ¼ a in the range 0pWpa; ð4Þ

and at the free surface

@2f
@t2

�
s
ra2

2
@f
@r

þ
1

sin W
@

@W
sin W

@2f
@r@W

� �
þ

1

sin2 W

@3f
@r@j2

� �
¼ 0;

at r ¼ a in the range aoWpp: ð5Þ
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Both these conditions have to be satisfied at r ¼ a; but also in this respective W range. This yields
the expression for a given angular mode m:XN

n¼1

nAmnPm
n ðcos WÞ ¼ 0 in the range 0pWpa; ð6Þ

and XN
n¼1

Amn
s
ra3

nðn � 1Þðn þ 2Þ � o2

� �
Pm

n ðcos WÞ ¼ 0 in the range aoWpp: ð7Þ

Satisfying these two equations at a finite number of points on the surface r ¼ a in their particular
ranges requires ðN1 þ 1Þ points in the range 0pWpa and N2 points in the range aoWpp: This
yields the homogeneous algebraic equationsXN1þN2þ1

n¼1

nAmnPm
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð8Þ

and XN1þN2þ1

n¼1

Amn
sn

ra3
ðn � 1Þðn þ 2Þ � o2

� �
Pm

n cos aþ
ðp� aÞn2

N2

� �� 	
¼ 0

for n2 ¼ 1; 2;y;N2: ð9Þ

These are ðN1 þ N2 þ 1Þ equations in Am1;Am2;y;AmðN1þN2þ1Þ; of which the vanishing coefficient
determinant represents the natural frequency equation for the determination of the lower natural
frequencies omn:

If the free liquid surface is not obstructed by a spherical cap, i.e., if the liquid globule is free of
any solids covering it, we shall have the free oscillation frequency of a liquid sphere [7,8].

o2
mn ¼

s
ra3

nðn � 1Þðn þ 2Þ: ð10Þ

3.1.2. Spherical drop captured at both poles

For a liquid drop, which is as in free fall experiments often used, captured at both poles the
boundary conditions are (Fig. 1(b)) at the rigid caps

@f
@r

¼ 0 at r ¼ a in the ranges 0pWpa; p� apWpp; ð11Þ

while the free surface condition (2) has to be satisfied at r ¼ a and the range aoWop� a: This
yields in a similar way as above for a given m modeXN1þN2þN3þ1

n¼1

nAmnPm
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð12Þ

XN1þN2þN3þ1

n¼1

nAmnPm
n cos p�

n2

N2
a

� �� 	
¼ 0 for n2 ¼ 0; 1; 2;y;N2; ð13Þ
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and at the free liquid surfaceXN1þN2þN3þ1

n¼1

Amn
s
ra3

nðn � 1Þðn þ 2Þ � o2

� �
Pm

n cos aþ
ðp� 2aÞn3

N3

� �� 	
¼ 0;

for n3 ¼ 1; 2;y;N3 � 1: ð14Þ

These are ðN1 þ N2 þ N3 þ 1Þ homogeneous algebraic equations of which the vanishing
coefficient determinant represents the approximate natural frequency equation.

3.1.3. Annular spherical liquid system

If an annular liquid of volume V0 ¼ ð4p=3Þa3ð1 � k3Þ ðk ¼ b=aÞ is placed around a spherical
center core of radius b and in addition captured at r ¼ a in the range 0pWpp; the boundary
conditions are (Fig. 1(c)) at the rigid cap

@f
@r

¼ 0 at r ¼ a in the range 0pWpa; ð15Þ

at the rigid center core

@f
@r

¼ 0 at r ¼ b ðfor all WÞ; ð16Þ

while the free surface condition is presented by Eq. (5). With the equation of the velocity potential
(3), we obtained from the boundary condition (16),

Bmn ¼
n

ðn þ 1Þ
k2nþ1Amn: ð17Þ

From the boundary condition (15), we find finallyXN1þN2þ1

n¼1

nAmnð1 � k2nþ1ÞPm
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð18Þ

and the free surface condition (5) yieldsXN1þN2þ1

n¼1

Amn

sn

ra3
ðn2 � 1Þðn þ 2Þð1 � k2nþ1Þ � o2ðn þ 1 þ nk2nþ1Þ

� �

� Pm
n cos aþ

ðp� aÞn2

N2

� �� 	
¼ 0 for n2 ¼ 1; 2;y;N2: ð19Þ

These are ðN1 þ N2 þ 1Þ homogeneous algebraic equations of which the vanishing coefficient
determinant represents the natural frequency equation for the determination of the lower
approximate natural frequencies of the captured annular liquid system. If the range a-0; then we
obtain the well-known natural frequencies [7]

o2
mn ¼

s
ra3

nðn2 � 1Þðn þ 2Þð1 � k2nþ1Þ
ðn þ 1 þ nk2nþ1Þ

: ð20Þ
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3.1.4. Immiscible spherical liquid system

For an immiscible spherical liquid system consisting of a center sphere of density r2 and radius
b and an annular sphere of density r1 and radius a with W range 0pWpa in which the outer free
surface is captured, the boundary conditions are given (Fig. 1(d)) at the inner free surface by

@f1

@r
¼

@f2

@r
at r ¼ b ðfor all W valueÞ; ð21Þ

at the rigid cap by

@f1

@r
¼ 0 at r ¼ a in the range 0pWpa; ð22Þ

and at the free surface and interface, i.e.,

r1

@2f1

@t2
�

s01

a2
2
@f1

@r
þ

1

sin W
@

@W
sin W

@2f1

@r@W

� �
þ

1

sin2 W

@3f1

@r@j2

� �
¼ 0;

at r ¼ a in the range aoWpp ð23Þ

and

r1

@2f1

@t2
� r2

@2f2

@t2
þ

s12

b2
2
@f2

@r
þ

1

sin W
@

@W
sin W

@2f2

@r@W

� �
þ

1

sin2 W

@3f2

@r@j2

� �
¼ 0;

at r ¼ b ðfor all W valueÞ: ð24Þ

The solution of the Laplace equation in the first region (annular sphere) is given by

f1ðr;W;j; tÞ ¼
Xmpn

m¼0

XN
n¼1

Amn
r

a

� �n

þBmn
r

a

� ��ðnþ1Þ
� 	

Pm
n ðcos WÞ cos mjeiot; ð25Þ

and in the spherical region 0prpb by

f2ðr; W;j; tÞ ¼
Xmpn

m¼0

XN
n¼1

Cmn
r

a

� �n

Pm
n ðcos WÞ cos mjeiot: ð26Þ

With the boundary condition (21), we obtain

Cmn ¼ Amn �
ðn þ 1Þ

n
k�ð2nþ1ÞBmn; ð27Þ

and from Eq. (24) we obtain

Bmn ¼ �
k2nþ1 o2ðr1 � r2Þ þ

s12

b3
nðn � 1Þðn þ 2Þ

h i
o2 r1 þ

ðn þ 1Þ
n

r2

� 	
�

s12

b3
ðn2 � 1Þðn þ 2Þ

Amn � �wnAmn; ð28Þ

which may be introduced into the above velocity potentials. Eq. (22) yields then in the range
0pWpa the expression (for fixed given angular mode m):XN1þN2þ1

n¼1

Amn½n þ ðn þ 1Þwn	P
m
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð29Þ
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and Eq. (26)

XN1þN2þ1

n¼1

Amn
s01

r1a3
ðn � 1Þðn þ 2Þ½n þ ðn þ 1Þwn	 � o2ð1 � wnÞ

� �

� Pm
n cos aþ

ðp� aÞn2

N2

� �� 	
¼ 0; ð30Þ

for n2 ¼ 1; 2;y;N2: These are ðN1 þ N2 þ 1Þ homogeneous algebraic equations in Amn of which
the vanishing coefficient determinant represents the natural frequency equation. If the inner liquid
is represented as a gas bubble, the density r2 vanishes.

3.1.5. Immiscible liquids in a rigid sphere
If there are two immiscible liquids of density r1 and r2 in a rigid sphere of radius a; and the

interface at r ¼ b is captured by a spherical cap of radius b (Fig. 1(e)), the velocity potentials are
given by Eqs. (25) and (26). The boundary conditions are given at the outer rigid sphere by

@f1

@r
¼ 0 at r ¼ a ðfor all W valueÞ; ð31Þ

at the inner rigid cap by

@f1

@r
¼

@f2

@r
¼ 0 at r ¼ b in the range 0pWpa; ð32Þ

and the interface surface conditions by

@f1

@r
¼

@f2

@r
at r ¼ b in the range aoWpp; ð33Þ

r1

@2f1

@t2
� r2

@2f2

@t2
þ

s12

b2
2
@f2

@r
þ

1

sin W
@

@W
sin W

@2f2

@r@W

� �
þ

1

sin2 W

@3f2

@r@j2

� �
¼ 0;

at r ¼ b in the range aoWpp: ð34Þ

Eq. (31) yields with the velocity potential (3)

Bmn ¼
n

ðn þ 1Þ
Amn; ð35Þ

while remaining boundary conditions are given by

XN1þN2þ1

n¼1

fAmnn½kn�1 � k�ðnþ2Þ	 � Cmnnkn�1gPm
n cos aþ

ðp� aÞn2

N2

� �� 	
¼ 0;

for n2 ¼ 0; 1; 2;y;N2; ð36Þ

XN1þN2þ1

n¼1

Cmnnkn�1Pm
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð37Þ
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and

XN1þN2þ1

n¼1

Amnn½kn�1 � k�ðnþ2Þ	Pm
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð38Þ

XN1þN2þ1

n¼1

Cmnknr2o
2 � Amn kn þ

n

ðn þ 1Þ
k�ðnþ1Þ

� 	
r1o

2 �
s12n

b3
ðn � 1Þðn þ 2ÞknCmn

� �

� Pm
n cos aþ

ðp� aÞn2

N2

� �� 	
¼ 0 for n2 ¼ 0; 1; 2;y;N2: ð39Þ

These are 2ðN1 þ N2 þ 1Þ homogeneous algebraic equations of which the vanishing coefficient
determinant represents the natural frequency equation. For a gas bubble in the center the density
r2 must vanish.

3.2. Forced oscillations

If the spherical wall part is harmonically excited, the captured drop (Fig. 1(a)) performs forced
oscillations. The response of such an excited oscillation may be determined as the magnification
function presenting the magnitude of the free surface amplitude as a function of the forcing
frequency O: We shall investigate here the two basic harmonically excited translations of the
system.

3.2.1. Translational excitation in x direction

If the spherical wall is harmonically excited in x direction by X0eiOt where X0 is the excitation
amplitude and O the forcing frequency, the Laplace equation

Df ¼
@

@r
r2 @f

@r

� �
þ

1

sin W
@

@W
sin W

@f
@W

� �
þ

1

sin2 W

@2f
@j2

¼ 0; ð40Þ

has to be solved with the boundary conditions

@f
@r

¼ X0iOeiOt sin W cos j at r ¼ a in the range 0pWpa; ð41Þ

and with the free surface condition

@2f
@t2

�
s
ra2

2
@f
@r

þ
1

sin W
@

@W
sin W

@2f
@W@r

� �
þ

1

sin2 W

@3f
@r@j2

� �
¼ 0

at r ¼ a in the range aoWpp: ð42Þ

With the transformation

fðr;W;j; tÞ ¼ X0eiOtiO cos j½cðr;WÞ þ r sin W	 ð43Þ

we obtain

Dc ¼ 0 and
@c
@r

¼ 0 at r ¼ a in the range 0pWpa ð44Þ
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and

s
ra2

2
@c
@r

þ
1

sin W
@

@W
sin W

@2c
@r@W

� �
�

1

sin2 W

@c
@r

� �
þ O2c ¼ �rO2 sin W

at r ¼ a in the range aoWpp: ð45Þ

The solution of the Laplace equation Dc ¼ 0 is obtained to be

cðr; WÞ ¼
XN
n¼1

An

r

a

� �n

P1
nðcos WÞ; ð46Þ

where P1
nðcos WÞ represents the associated Legendre function and An are yet unknown values. The

two boundary conditions in c have to be satisfied and yield at r ¼ a

XN
n¼1

nAnP1
nðcos WÞ ¼ 0 in the range 0pWpa; ð47Þ

and

XN
n¼1

An

sn

ra3
ðn � 1Þðn þ 2Þ � O2

� �
P1

nðcos WÞ ¼ aO2 sin W in the range aoWpp: ð48Þ

Satisfying these two equations at a finite number of points on surface r ¼ a in their particular
given range requires ðN1 þ 1Þ points in the range 0pWpa and N2 points in the range arWpp:
This yields the inhomogeneous algebraic system for the determination AnðOÞ for n ¼
1; 2;y; ðN1 þ N2 þ 1Þ: It is with W ¼ ðn1=N2Þa for the first range, and W ¼ aþ ðp� aÞn2=N2 for
the second range, i.e.,

XN1þN2þ1

n¼1

nAnP1
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð49Þ

and

XN1þN2þ1

n¼1

An

sn

ra3
ðn � 1Þðn þ 2Þ � O2

� �
P1

n cos aþ
ðp� aÞn2

N2

� �� 	

¼ aO2 sin W aþ
ðp� aÞn2

N2

� 	
for n2 ¼ 1; 2;y;N2: ð50Þ

These are ðN1 þ N2 þ 1Þ equations in A1;A2;y;AN1þN2þ1 for the determination of the response
values AjðOÞ: The velocity potential is therefore presented by

fðr; W;j; tÞ ¼ X0iOeiOt r sin Wþ
XN1þN2þ1

n¼1

An

r

a

� �n

P1
nðcos WÞ

( )
; ð51Þ

of which the free surface response zðOÞ may be determined from zðOÞ ¼ ð1=iOÞð@f=@rÞjr¼a:
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3.2.2. Translational excitation in z direction

If the spherical wall is harmonically excited with Z0eiOt in z direction, the Laplace equation
ð@=@j ¼ 0Þ has to be solved with the boundary condition

@f
@r

¼ Z0iOeiOt cos W at r ¼ a in the range 0pWpa; ð52Þ

and the above free surface condition (observing @=@j ¼ 0). With the transformation

fðr;W; tÞ ¼ Z0iOeiOt½cðr; WÞ þ r cos W	; ð53Þ

we obtain

Dc ¼ 0 and
@c
@r

¼ 0 at r ¼ a in the range 0pWpa; ð54Þ

and

s
ra2

2
@c
@r

þ
1

sin W
@

@W
sin W

@2c
@r@W

� �� �
þ O2c ¼ �O2a cos W in the range aoWpp: ð55Þ

The solution of the Laplace equation Dc ¼ 0 yields the expression

cðr; WÞ ¼
XN
n¼1

Bn
r

a

� �n

P0
nðcos WÞ; ð56Þ

where P0
nðcos WÞ are the Legendre polynomials. Satisfying the two boundary conditions in the

respective range yields

XN1þN2þ1

n¼1

nBnP0
n cos

n1

N1
a

� �� 	
¼ 0 for n1 ¼ 0; 1; 2;y;N1; ð57Þ

and

XN1þN2þ1

n¼1

Bn

sn

ra3
ðn � 1Þðn þ 2Þ � O2

� �
P0

n cos aþ
ðp� aÞn2

N2

� �� 	

¼ aO2 cos W aþ
ðp� aÞn2

N2

� �
for n2 ¼ 1; 2;y;N2: ð58Þ

The solution of the algebraic system renders BjðOÞ; j ¼ 1; 2;y; ðN1 þ N2 þ 1Þ: Therefore, the
velocity potential is given by

fðr; W; tÞ ¼ iOZ0eiOt r cos Wþ
XN1þN2þ1

n¼1

Bn

r

a

� �n

P0
nðcos WÞ

" #
; ð59Þ

from which the response of the free surface displacement zðOÞ ¼ ð1=iOÞð@f=@rÞjr¼a may be
obtained.
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4. Numerical evaluations

Some of the above obtained analytical results have been determined numerically. The results of
a simple liquid sphere captured in a spherical cap of the range 0oaop have been evaluated and
the axisymmetric ðm ¼ 0Þ natural frequencies have been determined for various cap magnitudes

%a ¼ a=p ¼ 0; 0:1;y ð0:1Þ;y 0:9 for the lower modes n ¼ 1; 2; 3; 4: The natural frequency ratios
(see also Table 1) O0n ¼ o0n=

ffiffiffiffiffiffiffiffiffiffiffiffi
s=ra3

p
are presented in Fig. 2 for increasing constraint angle %a: It

may be noticed that the natural frequency of the liquid sphere increases with increasing cap
magnitude %a and mode number n: Fig. 3 shows the vibration modes for %a ¼ 0 (first line), %a ¼
0:1; 0:2; 0:3 to 0.9. For a freely floating sphere, the natural frequencies are given by Eq. (10), i.e.,
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Table 1

Non-dimensional circular frequency O0n of a simple liquid drop system
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Fig. 2. Natural frequencies O0n ¼ o0n=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
s=ra3

p
as a function of the solid cap angle %a:
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o2
0n ¼ snðn � 1Þðn þ 2Þ=ra3: For %a ¼ 0; we notice the free floating liquid sphere, where the first

mode shape represents the case of translational undisturbed (rigid) surface motion of the liquid
sphere. The dashed lines show the undisturbed spherical form of the liquid. Corresponding modes
for %aa0 are presented below each other and exhibit the change of the mode shapes according to
the magnitude of the rigid spherical cap. Since the continuity equation is satisfied, the
displacement of the liquid at the pole ðW ¼ pÞ is considerably larger than that outside of it. Table 1
represents the non-dimensional circular frequency ratio O0n for %a ¼ 0;y ð0:1Þ;y 0:9 for the
modes n ¼ 1; 2; 3; 4:

For a spherical drop captured by two rigid pole areas of equal magnitude %a (Fig. 1(b)), the
natural frequency ratio O0n for %a ¼ 0; 0:05;y ð0:05Þ;y 0:45 is presented in Table 2 for the four
lower vibration modes n ¼ 1; 2; 3; 4: The natural frequencies increase with increasing %a and
increasing mode number n: At %a ¼ 0; we observe the results of a freely floating (not captured)
liquid sphere, for which O01 ¼ 0; O02 ¼ 2:83; O03 ¼ 5:48 and O04 ¼ 8:49: For %a ¼ 0:5; the liquid
sphere would be captured inside a closed rigid sphere of radius a (Fig. 4). Table 2 also indicates
the number ratio of points at which conditions (12)–(14) are satisfied. Here N1 ¼ N2 are the equal
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Fig. 3. Vibration modes for simple captured liquid system for various %a and mode numbers n:
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amounts of points for the rigid caps, while N3 represents the amount of points on the free surface.
The mode shapes are shown in Fig. 5 for %a ¼ 0; 0:05; 0:1 and 0.2 for the lower vibration modes
n ¼ 1; 2; 3; 4:

For the unrestraint ð%a ¼ 0Þ annular spherical liquid system, consisting of an annular spherical
liquid body around a solid concentric inner sphere (Fig. 1(c) with %a ¼ 0), the natural frequencies
are given by Eq. (20), i.e.,

o2
0n ¼

s
ra3

nðn2 � 1Þðn þ 2Þð1 � k2nþ1Þ
ðn þ 1 þ nk2nþ1Þ

:
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Table 2

Non-dimensional circular frequency O0n of a spherical system captured at both poles: m ¼ 0; N1 ¼ N2
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Fig. 4. Natural frequencies O0n for a liquid system captured at both poles.
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For this annular spherical liquid system placed around a rigid sphere of radius b and captured by
an additional spherical cap of magnitude %a at r ¼ a; the natural frequencies are presented in Table
3 for different diameter ratios k ¼ 0:1;y ð0:1Þ;y 0:9 and various %a values. The shaded
horizontal areas represent the natural frequencies of the freely floating annular liquid system
(Eq. (20)), while the vertically shaded results are those of the full spherical drop ðk ¼ 0Þ with a cap

%a (see Table 1). In addition, Fig. 6 exhibits the natural frequencies O0n for k ¼ 0:1; 0:8 and 0.9 as a
function of the cap angle %a: Again we notice a strong increase of frequencies with the increase of %a
and mode number n: Fig. 7 represents O0n as a function of the diameter ratio k ¼ b=a for various

%a ¼ 0; 0:1; 0:2 and 0.3, where we notice that the natural frequencies decrease with increasing k
magnitude. The mode shapes are presented in Fig. 8 for different values of %a and k: The remaining
geometrical configurations (Fig. 1(d) and (e)) have not been evaluated numerically. They would
present no difficulty and are for reasons of limited space omitted.

If the spherical cap in which the drop is captured is moved harmonically in forced translational
excitation in z direction, the free liquid surface displacement will exhibit a response presented
in Fig. 9. It is shown at various locations W ¼ p=2 (—–), 3p=4p (- - 
) and p ð� 
 �Þ: %O is the
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Fig. 5. Vibration modes for a liquid system captured at both poles.
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Table 3

Non-dimensional circular frequency O0n for a captured annular spherical liquid system: m ¼ 0
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non-dimensional forcing frequency %O ¼ O=
ffiffiffiffiffiffiffiffiffiffiffiffi
s=ra3

p
: Fig. 9 shows the response %z ¼ jz�=Z0j for

%a ¼ 0:2; while Fig. 10 exhibits the liquid surface displacement for %a ¼ 0:5; i.e., a drop of which half
its surface is covered by a semi-spherical cap. We see that at the resonances the displacement of
the liquid becomes as expected for frictionless liquid infinite. The geometrical forms of the
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Fig. 6. Natural frequencies O0n for an annular liquid system for various diameter ratio k as a function of %a:
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Fig. 7. Natural frequencies O0n for an annular liquid system for various %a values as a function of k:
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Fig. 8. Mode shapes of captured annular liquid system; (a) k ¼ 0:2; (b) k ¼ 0:5; (c) k ¼ 0:8:
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captured liquid drop are also presented in Figs. 9 and 10 for reference. These are natural vibration
modes obtained from free vibration analysis.

For translational harmonic excitation in x direction, the free surface response is presented in
Fig. 11 at the location W ¼ p=2 and 3p=4 for a cap angle %a ¼ 0:2: The non-dimensional circular
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Fig. 9. Response of the free surface of a simple captured liquid system under translational excitation in z direction for
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Fig. 10. Response of the free surface of a simple captured liquid system under translational excitation in z direction for

%a ¼ 0:5:
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frequencies %O1n ¼ o1n=
ffiffiffiffiffiffiffiffiffiffiffiffi
s=ra3

p
are presented for different cap angle %a in Table 4. For an angle

%a ¼ 0:4; the response and modal behavior of the free liquid surface are shown in Fig. 12.
Finally, the results of the free surface response for a cap angle %a ¼ 0:5 are presented in Fig. 13.

5. Conclusion

(a) A spherical liquid globule captured partly in a rigid cap of equal radius exhibits with
increasing cap angle %a increasing natural frequencies. The higher modes n show the same
behavior.
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Fig. 11. Response of the free liquid surface for translational excitation in x direction for %a ¼ 0:2:

Table 4

Non-dimensional circular frequency O1n ¼ o1n=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
s=ra3

p
for a simple captured liquid sphere: m ¼ 1; N ¼ N1 þ N2 þ

1 ¼ 100
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(b) A spherical liquid system captured partly in both pole areas by rigid caps show even larger
increased natural frequencies, for increasing cap angle %a as well as for increased mode number n:

(c) A spherical annular liquid system around a rigid sphere exhibits with the increase of the cap
area %a an increase of its natural liquid frequencies. With the increase of the diameter ratio
k ¼ b=a (i.e., thinner layer), we find a decrease of the natural frequencies.
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Fig. 12. Response of the free liquid surface for translational excitation in x direction for %a ¼ 0:4:
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Appendix A. Nomenclature

Amn;Bnm coefficients of Eq. (3)
An;Bn coefficients of Eqs. (46) and (56)
a radius of drop
b radius of core or center sphere
Cmn coefficient of Eq. (26)
i imaginary unit
k radius ratio for annular drop, � b=a
r; W;j co-ordinate system
m angular mode number
t time
Pm

n ðcos WÞ associate Legendre function
u; u;w velocity components of drop
V0 drop volume
x; y; z co-ordinate system
X0 amplitude of excitation force in x direction
Z0 amplitude of excitation force in z direction
a covering area of drop: 0oaop ð%a ¼ a=pÞ
z free surface displacement ð%z ¼ jz�=X0j or jz�=Z0jÞ
z� amplitude of free surface displacement: z ¼ z�eiOt

r density of drop
s surface tension
f;c velocity potentials
O forcing circular frequency ð %O ¼ O=

ffiffiffiffiffiffiffiffiffiffiffiffi
s=ra3

p
Þ

omn natural circular frequency ðOmn ¼ omn=
ffiffiffiffiffiffiffiffiffiffiffiffi
s=ra3

p
Þ
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